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We explore the class  of generalized nilpotent groups in the universe c of
all radical locally ﬁnite groups satisfying min-p for every prime p. We obtain that
this class is the natural generalization of the class of ﬁnite nilpotent groups from
the ﬁnite universe to the universe c . Moreover, the structure of -groups is deter-
mined explicitly. It is also shown that  is a subgroup-closed c-formation and that
in every c-group the Fitting subgroup is the unique maximal normal -subgroup.
 2002 Elsevier Science (USA)
1. INTRODUCTION AND STATEMENT OF RESULTS
It is well known that there are numerous properties of ﬁnite groups which
are equivalent to nilpotence, for instance, subnormality of each subgroup,
normality of all Sylow subgroups, centrality of every chief factor, and nor-
mality of all maximal subgroups. If the attention is restricted to locally
ﬁnite-soluble groups, the ﬁrst three properties are sufﬁcient to ensure local
nilpotency and the latter three are enjoyed by each locally nilpotent group.
It is also well known that, for ﬁnite groups G, the conditions G′ ≤
φG and G/φG nilpotent are both equivalent to nilpotence. Taking into
account that the Frattini subgroup φG of a group G is deﬁned as the
intersection of G with all its maximal subgroups, it is rather clear that the
condition G′ ≤ φG is a weak property for inﬁnite groups, even for locally
ﬁnite groups, because an inﬁnite group can have insufﬁcient maximal sub-
groups or even none at all.
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Our ﬁrst main objective in this paper is to use the Frattini-like subgroup
µG introduced by Tomkinson in 1975 (see [6]) to study a class of gener-
alized nilpotent groups in the universe c of all radical locally ﬁnite groups
with min-p for all primes p.
Before beginning the presentation of results, the reader should be aware
of the notation that is used. Notation that is not speciﬁcally cited here is
consistent with that used in [2, 3, 4].
Let U be a subgroup of group G and consider the properly ascending
chains
U = U0 < U1 < · · · < Uα = G
from U to G. We deﬁne mU to be the least upper bound of the types α
of all such chains.
Clearly, mU = 1 if and only if U is a maximal subgroup of G.
A proper subgroupM of G is said to be a major subgroup of G if mU =
mM whenever M ≤ U < G.
The intersection of all major subgroups of G is denoted by µG. When
G is ﬁnitely generated, µG coincides with the Frattini subgroup φG of
G. In [6, Proposition 2.1], Tomkinson shows that every proper subgroup of
a group G is contained in a major subgroup of G. Hence µG is always a
proper subgroup of G.
Following [8], a group G is semiprimitive if it is the semidirect product
G = D	M of a ﬁnite soluble group M with trivial core and a divisible
abelian group D, such that every proper M-invariant subgroup of D is
ﬁnite.
Let G be a c-group and consider two normal subgroups H, K of G
such that K is contained in H. Then H/K is said to be a δ-chief factor
of G if H/K is either a minimal normal subgroup of G/K or a divisibly
irreducible G-module, that is, H/K has not proper inﬁnite G-invariant
subgroups.
Let  be the class of all c-groups in which every proper subgroup has a
proper normal closure. This is a class of generalized nilpotent groups in the
universe c because every nilpotent c-group is in  and every ﬁnite -
group is nilpotent. Moreover, this class contains the class of all c-groups
for which every subgroup is descendant.
Now we can establish the ﬁrst of our main results. It shows that -groups
play the same role in the class c as ﬁnite nilpotent groups do in the class
of all ﬁnite groups. Moreover, we obtain a complete characterization of the
-groups G, through the Frattini-like subgroup µG, analogously to the
ﬁnite one for nilpotent groups and the Frattini subgroup.
Theorem 1. Let G be a group in the class c . The following statements
are pairwise equivalent:
(i) G is a -group.
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(ii) G/µG is a -group.
(iii) G′ ≤ µG.
(iv) Every major subgroup of G is a normal subgroup of G.
(v) G is a direct product of nilpotent Sylow subgroups.
(vi) G is locally nilpotent and the radicable part of G is central.
(vii) Every δ-chief factor of G is central.
Assume that a group G has the minimum condition on subgroups. If G
is a -group, then G is a direct product of nilpotent Sylow subgroups by
Theorem 1. Since G has min, only ﬁnitely many of these Sylow subgroups
are nontrivial. Hence G is actually a nilpotent group. Consequently, if G
has min, G is a -group if and only if G is nilpotent.
In particular, if the group G is the split extension of a quasicyclic 2-
group by its involution, then G is a locally nilpotent group, in fact it is
hypercentral, but it is not a -group.
Consider the set 
pii≥1 of all prime numbers in their natural order.
Let Gi be the split extension of the cyclic group xi of order pii by its
automorphism yi of order p
i−1
i which maps xi to x
pi+1
i . Then Gi is nilpotent
of class i. Let G = Dr∞i=1Gi; then G is a -group which is not nilpotent
(see [6]).
These examples show that the class  is intermediate between the classes
of nilpotent c-groups and locally nilpotent c-groups.
It is well known that for ﬁnite groups G, the Frattini subgroup φG
is nilpotent. This result can be extended to c-groups using Tomkinson’s
subgroup.
Theorem 2. Let G be a group in the class c . Then µG is a -group
with ﬁnite Sylow subgroups.
Our next result analyzes the behavior of  as a class of c-groups. Recall
that a class  of c-groups is said to be a c-formation if it satisﬁes the
following properties:
1. If G ∈  and N is a normal subgroup of G, then G/N ∈  .
2. If 
Nii∈I is a collection of normal subgroups of G ∈ c such that
G/Ni ∈  for every i ∈ I and
⋂
i∈I Ni = 1, then G ∈  .
Theorem 3.  is a subgroup-closed c-formation.
Let G be the semidirect product of a quasicyclic 2-group H by a cyclic
group of order 2 acting on H by inverting each of its elements. Then G
is a semiprimitive group which is the union of an ascending chain of ﬁnite
-subgroups, but G is not a -group. According to [1, Theorem A],  is
not a saturated c-formation.
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Theorem 3 allows us to show the existence of the -radical in every
group G belonging to the class c .
It is known that the product of two normal nilpotent subgroups is
nilpotent—this is Fitting’s theorem [4, Theorem 5.2.8]. The corresponding
statement holds for locally nilpotent groups and is of great importance.
Moreover, in any group G, there is a unique maximal normal locally nilpo-
tent subgroup (called the Hirsch–Plotkin radical) containing all normal
locally nilpotent subgroups of G (see [4, (12.1.3)]). We obtain analogous
results for the class  by deﬁning the corresponding radical subgroup
associated to this class.
Theorem 4. Let G be a c-group. Assume that H and K are two normal
-subgroups of G. Then HK is a -group.
Theorem 5. Every group G ∈ c has a unique largest normal -
subgroup, denoted by δG.
From Theorems 3 and 5, we have that the product of arbitrarily many
normal -subgroups of a group G ∈ c belongs to the class . In particu-
lar, the subgroup δG is the product of all normal -subgroups of G.
Note that for every group G ∈ c , the Fitting subgroup FG is con-
tained in δG by Theorem 5. Now if N ∈  is a normal subgroup of G,
then every Sylow subgroup of N is a normal nilpotent subgroup of G. Con-
sequently, N is contained in the Fitting subgroup of G, FG. This implies
that δG = FG for every group G ∈ c . It is known that, in general,
the Fitting subgroup in an inﬁnite group gives little information about the
structure of the group. However, in this case it plays an important role as
it inherits the properties of the -radical.
We say that a subclass  of c is a c-Fitting class if it satisﬁes the
following properties:
1. If G ∈  and H is a normal subgroup of G, then H ∈  .
2. If G = Hi i ∈ I ∈ c and, for each i ∈ I, the subgroup Hi is a
normal  -subgroup of G, then G ∈  .
It is clear that  is an example of a c-Fitting class. Perhaps it is worth
noting at this point a well-known result of Bryce and Cossey concerning
saturated formations and Fitting classes. It asserts that, in the ﬁnite soluble
universe, a subgroup-closed Fitting formation is saturated ([3, (XI.1.2)]).
This result is no longer true in inﬁnite groups, as the class  shows.
Recall that a group G is called a Fitting group if G = FG, that is, if G
is a product of normal nilpotent subgroups. A group G is said to be a Baer
group if it is generated by its abelian subnormal subgroups, or equivalently,
if every ﬁnitely generated subgroup of G is subnormal. It is known that
a Fitting group is a Baer group, but the converse is not true, even in the
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locally ﬁnite universe. However we have:
Theorem 6. Let G be a c-group. Then the following statements are pair-
wise equivalent:
(i) G is a -group.
(ii) G is a Fitting group.
(iii) G is a Baer group.
(iv) G is hypocentral with hypocentral length ≤ ω.
Let G =MGFp be the McLain group determined by the set  of
all rational numbers and the ﬁeld GFp (see [4, (12.1.9)]). It is clear that
G is not in c . Moreover, it is known that G is the product of its normal
abelian subgroups and hence is a Fitting group. Let H be the subgroup
generated by the set of all 1 + eαβ, such that α ∈ , β ∈ X, and α < β,
where X = 
x2 x ∈  ∪ 
−x2 x ∈ . We have that H is a proper
subgroup of G and G = HG. Therefore, G is a locally ﬁnite Fitting group
which is not in the class .
It is well known that the Fitting subgroup of a ﬁnite group G is the inter-
section of the centralizers of all chief factors of G (see [3, (A.13.8)]). This
result is also true for the Hirsch–Plotkin radical of a periodic locally soluble
group (see [2, (1.3.5), (6.2.4)]). As one might expect, there is an important
connection between δG and the centralizers of the δ-chief factors, as the
following theorem shows.
Theorem 7. Suppose that G is a c-group. Then δG is the intersection
of the centralizers of all δ-chief factors of G.
2. PROOFS OF THE MAIN THEOREMS
We begin with the following lemmas:
Lemma 1. Let G be either a ﬁnite primitive soluble group or a semiprimi-
tive group. If G is a -group, then G is abelian.
Proof. Suppose ﬁrst that G is a ﬁnite primitive soluble group and let M
be a maximal subgroup of G with trivial core. Since G is a -group and M
is a proper subgroup of G, it follows that MG is also a proper subgroup
of G. Hence, since M is maximal in G, we have that M = MG. This
implies that M is a normal subgroup of G. Therefore, M = 1 is a maximal
subgroup of G and thus G is a cyclic group of order p for some prime p.
Now, suppose that G = D	M is a semiprimitive group, where D is a
faithful divisibly irreducible M-module and M is a ﬁnite soluble group
with trivial core. Denote T = MG, the normal closure ofM in G. Since G
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is a -group, it follows that T is a proper subgroup of G. Hence T =
D ∩ T M and D ∩ T is a proper subgroup of D. Moreover, as D ∩ T G
and D is divisibly irreducible, it follows that D ∩ T is ﬁnite. Notice that T
is a ﬁnite subgroup of G because M is also ﬁnite. Consequently, M has
only ﬁnitely many conjugates in G and G  NGM is ﬁnite. Consider now
NGM = NDMM and assume that NDM = D. Then M is normal in
G. Since CoreGM = 1, we have that M = 1 and G is abelian.
Therefore, we may assume that NDM is a proper subgroup of D. The
fact that D is a normal subgroup of G implies that NDM is M-invariant
and hence it is ﬁnite. Since M is also ﬁnite, we have that NGM is ﬁnite
and hence G is a ﬁnite group. This contradicts the fact that G is a semiprim-
itive group and the lemma is proved.
Lemma 2. Let G be a c-group. If G is a Chernikov -group, then G is
nilpotent.
Proof. Let M be a major subgroup of G. Denote MG = CoreGM.
By [1, Theorem 1], we have that either G/MG is a ﬁnite primitive soluble
group or G/MG is a semiprimitive group. Consequently, G/MG is abelian
by Lemma 1. Since G/µG is isomorphic to a subgroup of the cartesian
product CrM∈jGG/MG, we have that G/µG is also an abelian group.
Let G = G0A, where A is a ﬁnite subgroup of G and G0 is the radica-
ble part of G. The AµG is a normal subgroup of G because G/µG
is abelian. Moreover, as G is a Chernikov group, it follows that µG
is ﬁnite by [7, (1.2)]. Therefore, AµG is also a ﬁnite subgroup of G.
Now, applying [5, (3.29.1)], we have that G0 = G0AµG	CG0AµG.
Since AµG is a normal subgroup of G, it follows that G0AµG	 is
contained in AµG and hence G0AµG	 is ﬁnite. As a consequence,
G0 = CG0AµG. Since G = G0AµG and G0 is an abelian group,
it follows that G0 is contained in the center of G. Therefore, G/ZG is
a ﬁnite group. Moreover, G/ZG is a -group. The G/ZG is nilpotent
and so G is nilpotent.
Proof of Theorem 1. (i) implies (ii). This is clear from the fact that the
class  is closed under taking epimorphic images.
(ii) implies (iii). Note that if M is a major subgroup of G, then
µG ≤MG and henceG/MG is isomorphic to a quotient ofG/µG. Since
G/µG is a -group, we have that G/MG is also a -group. Therefore,
by Lemma 1, G/MG is an abelian group. Consequently, G/µG is also
abelian and then G′ ≤ µG.
(iii) implies (iv). Since G/µG is an abelian group, it follows that
M/µG is a normal subgroup of G/µG for every major subgroup M of
G. Consequently, every major subgroup of G is a normal subgroup of G.
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(iv) implies (i). Let H be a proper subgroup of G. Then, by [6,
(2.3)], H is contained in a major subgroup M of G. Since M is a normal
subgroup of G, we have that HG ≤ M . In particular, HG is a proper
subgroup of G. Thus G is a -group.
(iii) implies (v). Since G′ ≤ µG, it follows that G/µG is an
abelian group. In particular, G/µG is a locally nilpotent group and then,
by [6, (5.2)], G is locally nilpotent. Thus, if we denote by Gp the unique
Sylow p-subgroup of G for each prime p, then G = DrpGp. We prove that
Gp is a nilpotent group for each prime p. Since G is a c-group, we have
that Gp is a Chernikov group for each prime p by [2, (2.5.13)]. Moreover,
Gp is isomorphic to G/Gp′ , where Gp′ = Drq =pGq. Since (i) is equiva-
lent to (iii), we have that G is a -group and consequently, Gp is also a
-group for each prime p. By Lemma 2, Gp is nilpotent for each prime p.
(v) implies (iii). LetM be a major subgroup ofG and denoteMG =
CoreGM. Applying [1, Theorem 1], if M is a maximal subgroup of G,
then G/MG is a ﬁnite primitive soluble group. By hypothesis, G is locally
nilpotent. In particular, G/MG is locally nilpotent and, therefore, G/MG is
nilpotent. Consequently, G/MG is a cyclic group of order p for some prime
p and thus G/MG is an abelian group.
On the other hand, assume that M is a nonmaximal major subgroup
of G. Then G/MG is a semiprimitive group. By [8, (2.3)], FG/MG =
G/MG0 = CG/MGFG/MG and FG/MG is a p-group for some prime
p. Moreover, G/MG is a direct product of nilpotent Sylow subgroups. Con-
sequently, FG/MG = G/MG and G/MG is a quasicyclic p-group because
G/MG is divisibly irreducible. In both cases we have proved that if M is a
major subgroup of G, then G/MG is an abelian group. As a consequence,
G/µG is also abelian and thus G′ is contained in the subgroup µG.
(v) implies (vi). It is clear that G is locally nilpotent. For each
prime p, G has a normal Sylow p-subgroup Gp and G = DrpGp. More-
over, Gp is Chernikov for all primes p by [2, (2.5.13)]. Let G0 be the
radicable part of G. Then G0 ∩ Gp = G0p for all primes p. Therefore,
G0 = DrpG0p. Since Gp is nilpotent, we have that G0p ≤ ZGp by [2,
(1.5.12)]. Consequently, G0p ≤ ZG for all primes p and G0 ≤ ZG.
(vi) implies (v). Arguing as above, we have that G = DrpGp and
G0 = DrpG0p. Since G0p ≤ ZGp and Gp is Chernikov, it follows that
Gp/ZGp is nilpotent and so Gp is nilpotent for all primes p. Hence (v)
holds.
(vi) implies (vii). Let G be a locally nilpotent group such that G0 ≤
ZG and consider a δ-chief factor H/K of G. If H/K is a minimal normal
subgroup of G/K, then, by [4, (12.1.6)], H/K is central.
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Suppose now that H/K is a divisibly irreducible G-module. In particu-
lar, H/K is a divisible sugbroup of G/K and H/K is contained in G/K0,
the radicable part of G/K. On the other hand, if we denote T/K = G/K0,
it follows from [2, (2.5.14)] that the Sylow p-subgroups of G/G0K, and
hence the Sylow p-subgroups of T/G0/K, are ﬁnite for each prime p. Fur-
thermore, T/G0K is a locally nilpotent group and hence it is the direct
product of its Sylow subgroups. Hence, every Sylow subgroup of T/G0K
is a ﬁnite divisible group and so it is trivial. Therefore, T/K = G/K0 =
G0K/K. Consequently, H/K ≤ G0K/K ≤ ZGK/K ≤ ZG/K as
required.
(vii) implies (vi). By hypothesis, every δ-chief factor of G is cen-
tral. In particular, every chief factor of G is central. It follows from [2,
(6.2.4)] that G is locally nilpotent. Moreover, the Sylow subgroups of G are
Chernikov groups. Hence, to prove that G0 ≤ ZG, we may assume that
G is a Chernikov p-group for some prime p. Then G = G0A, where A is a
ﬁnite subgroup of G and G0 is the radicable part of G. Since G0 is a divis-
ible abelian p-group of ﬁnite rank, it follows from [7, (1.3)] that there is a
ﬁnite normal subgroup C of G contained in G0 such that G0/C is a direct
product of divisibly irreducible G-modules, say
G0/C = G1/C × G2/C × · · · × Gn/C"
Since Gi/C is a δ-chief factor of G for all i ∈ 
1 " " "  n, Gi/C ≤ ZG/C
for all i ∈ 
1 " " "  n and G0/C ≤ ZG/C. Hence, the commutator
G0G	 is contained in C and G0G	 is a ﬁnite group. Furthermore,
applying [5, (3.29.1)], we have that G0 = G0A	CG0A. But, since the
commutator G0A	 is a ﬁnite group, it is clear that G0 = CG0A.
Therefore, as G0 is abelian and G = G0A, we conclude that G0 ≤ ZG.
Proof of Theorem 2. By [6, (5.3)], we have that µG is locally nilpo-
tent. Next we see that every Sylow p-subgroup of µG is nilpotent for
each prime p. Let p be a prime and let P be a Sylow p-subgroup of µG.
By [2, (2.5.13)], we know that G/Op′ G is a Chernikov group and, by
[7, (1.2)], µG/Op′ G is ﬁnite. Since µGOp′ G/Op′ G is contained
in µG/Op′ G, it follows that µGOp′ G/Op′ G is ﬁnite and so is
POp′ G/Op′ G. Therefore, P is ﬁnite and nilpotent. By Theorem 1, we
have that µG is a -group.
Proof of Theorem 3. First we prove that every subgroup of a -group
is also a -group. Let G be a -group and let H be a subgroup of G.
Since G is locally nilpotent, we have that H is also locally nilpotent. Let
Hp be the Sylow p-subgroup of H for each prime p. Then Hp is contained
in the unique Sylow p-subgroup Gp of G. By Theorem 1, we have that
Gp is nilpotent. Then Hp is also nilpotent for each prime p. According to
Theorem 1, H is a -group.
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On the other hand, it is clear that  is closed under taking epimorphic
images. Let 
Nii∈I be a collection of normal subgroups of G ∈ c such
that G/Ni ∈  for every i ∈ I and
⋂
i∈I Ni = 1. Since G/Ni is locally
nilpotent for all i ∈ I, we know that G is locally nilpotent [2, (6.2.11)]. Let
G0 be the radicable part of G. Then G0Ni/Ni is contained in G/Ni0,
which is central in G/Ni for all i ∈ I. Therefore, GG0	 ≤ Ni for all
i ∈ I. This implies that GG0	 = 1 and G0 is contained in ZG. Applying
Theorem 1, we have that G is a -group.
Proof of Theorem 4. We know from Theorem 1 thatH and K are locally
nilpotent with nilpotent Sylow subgroups. By [2, (12.1.2)], HK is locally
nilpotent. Let p be a prime and let Hp and Kp be the Sylow p-subgroups
of H and K, respectively. Then it is clear that Hp and Kp are normal
in G. Let Sp be the Sylow p-subgroup of HK. We have that Sp ∩ H =
Hp, Sp ∩K = Kp, and Sp = HpKp. Therefore, Sp is a nilpotent group by
Fitting’s theorem.
Lemma 3. Let G be a Chernikov c-group. Assume that G = ⋃i∈I Gi,
where −Gi is a normal -subgroup of G for each i ∈ I and 
Gi i ∈ I is a
totally ordered set by inclusion. Then G is a -group.
Proof. Let G0 be the radicable part of G and let A be a ﬁnite subgroup
of G such that G = G0A. If a ∈ A, then there exists αa ∈ I such that
a ∈ Gαa . Since A is ﬁnite, it follows that 
Gαa  a ∈ A is ﬁnite and so we
can choose a maximal element, K say. From the fact that 
Gi i ∈ I is
totally ordered, we can conclude that Gαa ≤ K for each a ∈ A. Therefore,
A is contained in K and the result follows from Theorem 4.
Proof of Theorem 5. Consider the nonempty set  = 
BG B ∈ .
Let  = 
Bi i ∈ I be a chain in  . We show that X =
⋃
i∈I Bi is an upper
bound for  in  . First, it is clear that X is a normal subgroup of G. By [2,
(2.5.13)], X/Op′ X is a Chernikov group for all primes p, and X/Op′ X
is the union of the elements of the chain 
BiOp′ X/Op′ X i ∈ I. By
Lemma 3, X/Op′ X is a -group. Since
⋂
p Op′ X = 1 and  is a c-
formation by Theorem 3, we conclude that X belongs to . It is now clear
that X is a subgroup which is an upper bound for . We may now apply
Zorn’s Lemma to produce a maximal element of  , δG say. Let N be a
normal -subgroup of G. By Theorem 4, δGN is a normal -subgroup
of G. The maximality of δG in  implies that δG = δGN and N ≤
δG. Consequently, δG is the unique largest normal -subgroup of G.
Proof of Theorem 6. It is clear that (i) implies (ii) and that (ii)
implies (iii).
(iii) implies (i). Let G be a Baer group and consider a major sub-
group M of G. If M is maximal in G, it follows by [4, (12.1.5)] that
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M is normal in G. Then G/MG is a cyclic group of order p, for some
prime p, and hence it is abelian. Therefore, G′ ≤ MG. Suppose that M is
not maximal in G. Then G/MG is a semiprimitive Baer group. We shall
prove that G/MG is abelian. To see this, we may assume that MG = 1.
Then G = D	M , where D is a divisibly irreducible abelian p-group for
some prime p and M is a ﬁnite soluble group with trivial core. Denote
Mi = (iDM , where (iD is the subgroup generated by the elements of
D of order dividing pi. Then G = Mi i ∈ 	 and Mi is ﬁnite and hence
subnormal in G for all i ∈ 	 because G is a Baer group. Therefore, there
exists a proper normal subgroup Ti of G such that Mi ≤ Ti. Since D is
divisibly irreducible and Ti =MTi ∩D, it follows that Ti is ﬁnite. There-
fore, every subgroup of Ti is subnormal in Ti. Consequently, Ti is nilpotent
and then Mi is nilpotent for all i ∈ 	. We conclude that Mi ≤ δG for all
i ∈ 	 and hence G is a -group. Consequently, G is abelian by Lemma 1
and then G/MG is abelian for all major subgroups M of G. By Theorem 1,
G is a -group.
(i) implies (iv). Let G be a -group and let p be a prime. Since
G/Op′ G is Chernikov by [2, (2.5.13)], then, applying Lemma 2, G/Op′ G
is nilpotent. Hence, there exists np ∈ 	 such that γnpG = G
np" " "G	 ≤
Op′ G for each prime p, where γiG denotes the ith term of the lower
central series of G. Therefore, γωG =
⋂
β<ω γβG ≤ γnpG ≤ Op′ G
for every prime p and then γωG = 1.
(iv) implies (i). G/Op′ G is a Chernikov hypocentral group and
then it is nilpotent for every prime p. In particular, since  is a formation,
we have that G is a -group.
Proof of Theorem 7. Let H/K be a δ-chief factor of G. We show that
δG is contained in CGH/K. Since δGK/K ≤ δG/K, we may assume
that K = 1. If H is a minimal normal subgroup of G, then it follows from
[2, (1.3.5)] and [2, (6.2.4)] that the Hirsch–Plotkin radical of G, ρG, is
contained in CGH. Consequently, since δG ≤ ρG, we have that δG
is also contained in CGH as required. Suppose now that H is a divisibly
irreducible G-module. In particular, H is a divisible subgroup of G and so
H ≤ G0. On the other hand, δG is a -group. Then, applying Theorem 1,
we have that G0 = δG0 ≤ ZδG. Therefore, δG ≤ CGH and we
may conclude that δG ≤ ⋂
CGH/K H/K is a δ-chief factor of G.
Next, we denote T = ⋂
CGH/K H/K is a δ-chief factor of G. We
prove that T ≤ δG. Since T is a normal subgroup of G, we need only
to show that T is in the class . As it has been said above, ρG is the
intersection of the centralizers of all chief factors of G and, consequently,
T is contained in ρG. It follows that T is a locally nilpotent group. We see
that T has nilpotent Sylow subgroups. Let Tp be the Sylow p-subgroup of T
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for the prime p. According to [2, (2.5.13)], Tp is a Chernikov group and T 0p
has ﬁnite rank. We argue by induction on the rank of T 0p. If T
0
p = 1, then Tp
is a ﬁnite p-group and, consequently, it is nilpotent. Then we may assume
that T 0p is nontrivial. Consider the nonempty set  = 
A ≤ T 0p A is a
nontrivial divisible G-invariant subgroup of G. Since G satisﬁes min-p and
 is a nonempty set of p-subgroups of G, there exists a minimal element A
in  . Then A is a divisibly irreducible G-module and hence it is a δ-chief
factor of G. Consequently, A is contained in the center of T . On the other
hand, we have that T/A = ⋂
CG/AH/A/K/A H/A/K/A is a
δ-chief factor of G/A. Moreover, the rank of T 0p/A = Tp/A0 is less
than the rank of T 0p. By induction, Tp/A is nilpotent (note that Tp/A is
the unique Sylow p-subgroup of T/A). Since A ≤ ZTp, we have that Tp
is nilpotent. Therefore, T is a -group, as we wanted to see.
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